A continuous function f with domain X and range f(X) in R n is weakly univalent if there is a sequence of continuous one-to-one functions on X converging to f uniformly on bounded subsets of X. In this article, we establish, under certain conditions, the connectedness of an inverse image f ?1 (q). The univalence results of Radulescu-Radulescu, Mor e-Rheinboldt, and Gale-Nikaido follow from our main result. We also show that the solution set of a nonlinear complementarity problem corresponding to a continuous P 0 -function is connected if it contains a nonempty bounded clopen set; in particular, the problem will have a unique solution if it has a locally unique solution.
Introduction
This article deals with the question of when, for a given continuous function f from a space into itself and for a vector q in the range of f, the inverse image f ?1 (q) is connected.
Our motivation for this study comes from linear complementarity problems. Given a matrix M 2 R n n and a vector q 2 R n , the linear complementarity problem LCP(M; q) is to nd a vector x 2 R n such that x 0; Mx + q 0; and hMx + q; xi = 0:
This problem was proposed in the 1960s as a model for unifying linear/quadratic programming problems and the bimatrix game problem. LCP and its various generalizations (such as the nonlinear complementarity problem, vertical, horizontal, and mixed complementarity problems) have now found numerous applications in engineering, geometry, economics, and other areas, see for example, 3], 6], 9], 15]. The variational inequality problem, which includes LCP as a special case, is equally important in various equilibrium settings and in applied mathematics.
In a recent article 10], Jones and Gowda showed that for a P 0 -matrix M (that is, all principal minors of M are nonnegative), the solution set of LCP(M; q) is connected whenever it has a bounded connected component. As a consequence of this, they showed that the solution set is connected when it is bounded and that the problem has a unique solution when it has an isolated solution. These results were proved by formulating the LCP as a piecewise a ne equation to integral/di erential equations, these researchers assume that the function f can be approximated by functions which are \one-to-one" and deduce, under certain additional assumptions, that the inverse image is connected.
Since our focus here is nite dimensional problems, we restrict our attention to a function f with domain X and range f(X) in R n . We shall say that f is weakly univalent if it is continuous and there exists a sequence of univalent (i.e., one-to-one and continuous) functions f k from X into R n such that f k converges to f uniformly on bounded subsets of X. Univalent functions, a ne functions, monotone, and more generally P 0 -functions on R n are weakly univalent, see Section 4.
The nite dimensional version of Theorem 48.2 in 11] for a weakly univalent function can be stated as follows:
Theorem 1 (Krasnoselskii-Zabreiko) Let be a bounded open set in R n , f : ! R n be weakly univalent, and q 2 f( ) n f(@ ). Then f ?1 (q) is connected.
In this paper, we generalize this result by dropping the boundedness hypothesis on and by assuming the existence of a compact clopen subset of f ?1 (q) instead of the compactness of the entire f ?1 (q). As a consequence of this result, we deduce the well known Radulescu-Radulescu univalence theorem which includes the Mor e-Rheinboldt, Gale-Nikaido univalence theorems, and the Hurwitz theorem in analytic function theory. As an application to optimization, we show that the nonlinear complementarity problem corresponding to a P 0 -function has a globally unique solution if and only if it has a locally unique solution.
In the last section, we state an in nite dimensional analog of our main theorem.
Preliminaries
For properties of degree of a continuous function, we refer to 12]. In R n , the inner product of two vectors is denoted by hx; yi: The interior, closure, and the boundary of a set D will be denoted by int ( 3 The main result Theorem 2 Let X be a subset of R n with nonempty interior, f : X ! R n be weakly univalent, and q 2 f(X). Suppose that there is a nonempty set E such that (a) E is compact and clopen in f ?1 (q), and (b) E int (X). Then f ?1 (q) = E and is connected.
Proof. We rst show that f ?1 (q) = E. Assume the contrary and let, without loss of generality, q = 0, and write S := f ?1 (0) and := int (X): 
Let x 2 E and x 2 S n E. Let f k be a sequence of univalent functions on X converging to f uniformly on bounded subsets of X. Let
Since f k (x ) ! f(x ) = 0 and f k ( x) ! f( x) = 0; by the uniform convergence of G k and H k on D, we can take a large k so that To prove the connectedness of S, suppose there is a clopen subset W in S. Since now S(= E) is compact, W is compact and contained in . Repeating the above argument for W in place of E, we see that S = W. Thus S is connected. This completes the proof. 2 The following example shows that the compactness of E is essential in the theorem.
Example. Let X = = f(x; y) 2 R 2 : jxj < 1; 0 < jyj < 1g, f(x; y) = (x; 0) : ! R 2 , and f k (x; y) = (x; y k ). Then f k ! f uniformly on bounded subsets of and each f k is univalent. The set E = f(0; y) 2 : y > 0g is clopen in f ?1 (0; 0) but not compact. The set f ?1 (0; 0) is not connected in .
Remarks. (1) For X = R n , conditions (a) and (b) of the theorem are satis ed when E = f ?1 (q) is compact. We conclude that for a weakly univalent function f : R n ! R n , f ?1 (q) is connected whenever it is bounded.
(2) As a by-product of the above proof, we get the following: if f : R n ! R n is weakly univalent, and E is a nonempty bounded clopen subset of f ?1 (q), then there exists a bounded open set D containing E such that deg (f; D; q) = 1: In particular, this holds when f ?1 (q) is nonempty and compact.
Such a property is useful in studying the stability aspects of the equation f(x) = q. (3) When f : R n ! R n is a piecewise a ne function (that is, f is a continuous selection of a nite number of a ne functions), every inverse image is a nite union of polyhedral sets. In this setting, an inverse image will have a nonempty bounded clopen set if and only if it has a compact connected component.This is especially true for the function de ned in (2).
4 Some uniqueness and univalence theorems Theorem 3 Let be an open set in R n , f : ! R n be weakly univalent, and q 2 f( ). Proof. When (a) holds, we can produce a nonempty compact clopen subset of f ?1 (q) by intersecting f ?1 (q) with an appropriate open ball in R n . (For example, let a 2 f ?1 (q), r > 0 such that the closure of the open ball B(a; r) is contained in . Let V be a clopen subset of f ?1 (q) contained in f ?1 (q) \ B(a; r). It is easily seen that V is closed in R n . Being bounded, it is compact.) By Theorem 2, f ?1 (q) is connected. Since it is zero dimensional, it must be a singleton set (Page 15,
8]).
Condition (b) is a special case of (a) (Page 10, 8]) . Finally, when (c) holds, f ?1 will have a singleton set as a compact clopen subset, and Theorem 2 is applicable. 2
The following results are immediate.
Theorem 4 ) Suppose that is an open set in R n , f : ! R n is weakly univalent and light (i.e., for each q 2 f( ), f ?1 (q) is zero dimensional). Then f is univalent.
We remark that the actual Radulescu-Radulescu theorem is stated in a Banach space setting. For an excellent introduction to the extensive literature on univalent theorems, see 16] .
We say that a function : R n ! R n is a P 0 -function if for every pair x and y with x 6 = y in R n , we have By replacing the inequality` ' by`>', we get the de nition of a P-function. When (x) = Mx + q with M 2 R n n , these de nitions reduce to those of a P 0 -matrix and a P-matrix. Also, when is di erentiable, is a P 0 (P )-function if and only if the Jacobian matrix 0 (x) is a P 0 (respectively, a P)-matrix at each x 14]. It is obvious that if is a P 0 -function, then it is weakly univalent since (x) + x is a P-function for each > 0, and hence univalent. We mention a famous consequence of Theorem 5 stated for R n (although the result is valid for any open rectangle in R n ) 14].
Theorem 6 (Gale-Nikaido 7])
Suppose that f is di erentiable on R n and the Jacobian matrix f 0 (x) is a nonsingular P 0 -matrix for each x. Then f is univalent.
We end this section by noting that the Hurwitz theorem of analytic function theory (that if a sequence of univalent analytic functions on an open connected set in the complex plane converges to a function uniformly on compact subsets, then the limit function is either univalent or a constant) is a consequence of Theorem 4.
Applications to complementarity problems
Consider the nonlinear complementarity problem NCP( ; q) corresponding to a function : R n ! R n and a vector q 2 R n : nd x such that x 0; (x) + q 0; and h (x) + q; xi = 0; (7) or equivalently,
When is monotone, i.e., h (x) ? (y); x ? yi 0; 8x; y 2 R n ; it can be easily shown that the solution set NCP( ; q) is closed and convex. (The generalized equation formulation of NCP( ; q) leads to a maximal monotone operator 19] and any such operator will have closed convex preimages, see 1], Prop. 3.5.6.) Since every monotone function is a P 0 -function, it is natural to ask whether the solution set of NCP( ; q) corresponding to a P 0 -function is at least connected. Unfortunately, this need not be true even when the function is linear, as demonstrated by an example due to Stone, see 10]. However, as we see below, Theorem 2 can be used to derive a connectedness result extending a similar result for P 0 -matrices 10].
Theorem 7 Suppose is a continuous P 0 -function and q 2 R n . If the solution set of NCP( ; q) contains a nonempty bounded clopen subset, then the solution set is connected. In particular, the solution set is connected if it is bounded, and NCP( ; q) has a unique solution if it has an isolated solution.
Proof. Without loss of generality, let q = 0. We put f(x) = x^ (x) where r (u) = (u + r). Since u 7 ! r (u) ? r is a P-function, it is elementary and well known (Thm. 2.3, 13] ) that (9) has at most one solution u; hence (8) has at most one solution x. Thus g is univalent and hence f is weakly univalent. An application of Theorem 2 completes the proof. 2.
Remarks. The above theorem (and its proof) can be modi ed to get a similar result for vertical nonlinear complementarity problems and for mixed nonlinear complementarity problems.
(1) Given functions 1 ; 2 ; : : : ; k from R n into itself, the vertical nonlinear complementarity problem (VNCP), denoted by VNCP( 1 ; 2 ; : : : ; k ), is to nd an x 2 R n such that x^ 1 (x)^ ^ k (x) = 0: (10) Let : R n ! R n be a row representative of f 1 ; 2 ; : : : ; k g, which means that for each x and i = 1; 2; : : : ; n, ( (x)) i 2 f( 1 (x)) i ; : : : ; ( k (x)) i g. Let us say that f 1 ; 2 ; : : : ; k g has the P 0 (P )-property if every row representative is a P 0 -function (respectively, a P-function). We can state the previous theorem (with a similar proof) for a VNCP whose corresponding set of functions has the P 0 -property. We omit the details except demonstrate the fact that (10) has at most one solution when f 1 ; 2 ; : : : ; k g has the P-property. So where f : R m R n ! R m and g : R m R n ! R n are given functions. Under the assumption that (x; y) 7 ! (f; g) is a continuous P 0 -function in (x; y), we can easily show (as in the proof of Theorem 7) that the function de ning (11) is weakly univalent. A result similar to Theorem 7 can now be stated for the MNCP. We omit the details. 6 An in nite dimensional analog of the main theorem Let B be a Banach space, X be a set in B with nonempty interior. Recall that a continuous function h : X ! B is compact (or completely continuous) if for each bounded set A in X, h(A) is compact in B. Let M(X) denote the set of all compact perturbations of the identity map on B, i.e., f 2 M(X) if there exists a compact function h on X such that f(x) = x ? h(x) for all x 2 X. Note that when B = R n , every continuous function on a closed set X is in M(X). Theorem 8 Let X be a subset of B with int (X) 6 = ;, f 2 M(X), and q 2 f(X). Suppose further that there exists a sequence (f k ) in M(X) such that each f k is one-to-one and f k ! f uniformly on bounded subsets of X. If f ?1 (q) has a nonempty subset E such that (a) E is compact and clopen in f ?1 (q), and (b) E int (X), then f ?1 (q) = E, and is connected.
The proof is similar to that of Theorem 2. We see (4) even in this in nite dimensional setting.
That d(0; f(@D)) > 0 follows from 0 6 2 f(@D) and the compactness of h in f(x) = x ? h(x). To go from (5) to (6) 
